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Topological spectrum and perfectoid Tate rings
Dimitri Dine
Abstract
We study the topological spectrum SpecTop(R) of a semi-normed ring R which
we define as the space of prime ideals p such that p equals the kernel of some
bounded power-multiplicative semi-norm. For any semi-normed ring R we show
that SpecTop(R) is a spectral space in the sense of Hochster. When R is a perfectoid
Tate ring we construct a natural homeomorphism
SpecTop(R) ≃ SpecTop(R
♭)
between the topological spectrum of R and the topological spectrum of its tilt R♭.
As an application, we prove that a perfectoid Tate ring R is an integral domain if
and only if its tilt is an integral domain.
1 Introduction
In his thesis [25] introducing the revolutionary concept of a perfectoid space, Scholze
constructed a functor A 7→ A♭ from the category of certain Banach rings, called perfectoid
rings, of characteristic 0 to the category of perfect Banach rings of characteristic p.
He proved that for any given perfectoid field K this so-called tilting functor defines an
equivalence between the category of perfectoid Banach K-algebras and the category of
perfectoid (equivalently, perfect) Banach algebras over K♭. The tilt A♭ of a perfectoid
ring A can be described explicitly as the set of sequences (f (n))n≥0 of elements of A
such that f (n+1) is a p-th root of f (n) for each n, endowed with the ring operations
fg = (f (n)g(n))n≥0 and f + g = ((f + g)
(n))n≥0 where (f + g)
(n) is defined as (f + g)(n) =
limm→∞(f
(n+m) + g(n+m))p
m
. There results a natural map f 7→ f# := f (0) from A♭ to A
(this map is multiplicative, but not additive) inducing a map x 7→ x♭ between the adic
spectrum Spa(A,A+) of a perfectoid affinoid K-algebra (A,A+) and the adic spectrum
of its tilt (A♭, A♭+). Namely, we can define x♭ by f 7→ |f(x♭)| := |f#(x)|. In Corollary 6.7
of loc. cit. Scholze proved that the map x 7→ x♭ is in fact a homeomorphism identifying
rational subsets. The analogous map from the Berkovich spectrum M(A) of A to that
of A♭ is a homeomorphism as well. Moreover, as observed by Kedlaya in [19], Corollary
2.4.5, the tilting equivalence induces a bijection between the set of closed ideals of A with
A/I uniform and the set of closed radical ideals of A♭.
However, it is a priori not easy to determine whether the quotient A/I is a uniform
Banach algebra for some given closed ideal I in A. For example, it is a priori a non-trivial
question whether for every maximal ideal m in a perfectoid algebra A the field A/m must
be a uniform Banach field (if it is, then it is automatically a perfectoid field by Theorem
1
3.7 or Theorem 4.2 in [20]). Furthermore, the map f 7→ f# is far from being surjective,
so it is in general rather hard to relate the ideal structure or algebraic properties of a
perfectoid algebra A to those of A♭. E.g., if A♭ is an integral domain, is A necessarily
an integral domain? In a similiar vein, if x ∈ Spa(A,A+) is a continuous valuation such
that x♭ ∈ Spa(A♭, A♭+) is an absolute value, it is a priori unclear if x must be itself an
absolute value.
This paper is devoted to the study of ideals in perfectoid algebras and, more generally,
in perfectoid Tate rings in the sense of Fontaine (see the definition in [12]). In the following
M(R) denotes the Berkovich spectrum of a normed ring R and φ 7→ φ# is the inverse
of the homeomorphism M(R) ≃ M(R♭), x 7→ x♭, between the Berkovich spectrum of a
perfectoid Tate ring R and the Berkovich spectrum of its tilt. We call an ideal I of a semi-
normed ring R spectrally reduced if I is the kernel of some bounded power-multiplicative
semi-norm on R (equivalently, I is an intersection of prime ideals of the form ker(φ)
for some φ ∈ M(R)). To formulate our results we need a notion of ’spectrum’ for a
semi-normed ring R which takes into account the semi-norm on R but is still algebraic
in nature.
Definition 1.1 (Definition 2.9). The topological spectrum SpecTop(R) of a semi-normed
ring R is the set of spectrally reduced prime ideals of R, endowed with its subspace
topology induced from the Zariski topology on Spec(R).
It follows from a theorem of Berkovich ([1], Theorem 1.2.1) that the topological spec-
trum is non-empty for any semi-normed ring R. When R is a Banach ring (i.e., complete),
every maximal ideal is spectrally reduced and thus the topological spectrum contains the
set of all maximal ideals of R (more general semi-normed rings which enjoy the same prop-
erty are characterized in a number of ways in Section 3). With regard to the topological
properties of SpecTop(R) we prove the following result.
Theorem 1.2 (Theorem 2.11, Theorem 3.13). For any semi-normed ring R the topologi-
cal space SpecTop(R) is a spectral space in the sense of Hochster [15]. If R is a Noetherian
Banach algebra over some nonarchimedean field, then every radical ideal of R is spectrally
reduced and thus SpecTop(R) coincides with Spec(R).
From the second statement of the theorem we deduce the following structural result
for Noetherian Banach algebras. It is classically known for affinoid algebras, both in the
sense of Tate and in the broader sense of Berkovich, but appears to be new in general.
Corollary 1.3 (Corollary 2.18). Every Noetherian Banach algebra over a nonarchimedean
field is a Jacobson ring.
In non-Noetherian situations the topological spectrum can differ quite dramatically
from the usual prime ideal spectrum. For example, if K is a nonarchimedean field with
dense valuation and X is an infinite totally disconnected compact Hausdorff space, then
every closed prime ideal in the Banach algebra C(X,K) of continuous K-valued functions
on X is already maximal ([18], Theorem 29) but there exist non-maximal prime ideals in
C(X,K) (loc. cit., example after the proof of Theorem 30).
Our main result relates the topological spectrum of a perfectoid Tate ring R to the
topological spectrum of its tilt. It leads to affirmative answers to all of the questions
raised at the beginning of this introduction.
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Theorem 1.4 (Theorem 4.2, Proposition 4.7, Theorem 4.11). Let R be a perfectoid Tate
ring with tilt R♭ and let I be a spectrally reduced ideal of R. Then the quotient ring
R/I, equipped with the quotient norm, is a perfectoid Tate ring. There is an inclusion-
preserving bijection I 7→ I♭ between the set of spectrally reduced ideals of R and the set
of spectrally reduced ideals of R♭ given by the maps
I 7→ I♭ := { f = (f (n))n∈N0 | f
(n) ∈ I }
and
J 7→ J# :=
⋂
φ∈M(R♭)
J⊆ker(φ)
ker(φ#).
This bijection sends prime ideals to prime ideals and thus defines a homeomorphism
SpecTop(R) ≃ SpecTop(R
♭).
Note that if I is any ideal of R, then the analog of the set I♭ which we used in the
above theorem for spectrally reduced ideals need not a priori be an ideal of R♭, due to the
highly transcendental nature of the definition of the sum f + g of two elements f, g ∈ R♭.
However, it is an ideal when I is assumed to be a closed ideal of R, and spectrally
reduced ideals are always closed. The first assertion of Theorem 1.4 (concerning quotients
by spectrally reduced ideals) is essentially a formal consequence of a recent result due
to Bhatt and Scholze ([3], Theorem 7.4) whose proof relies on their theory of prisms
and prismatic cohomology. Assuming this first assertion, the bijection in our theorem
coincides with the one introduced in [19], Corollary 2.4.5. However, the fact that this
bijection identifies the sets of spectrally reduced prime ideals was not observed in [19]
and appears to be new. As a consequence of Theorem 1.4 we obtain the following result.
Corollary 1.5 (Corollary 4.12). A perfectoid Tate ring R is an integral domain if and
only if its tilt R♭ is an integral domain.
We also derive several other consequences from Theorem 1.4. For example, we
show that a bounded multiplicative semi-norm φ ∈ M(R) (or a continuous valuation
x ∈ Spa(R,R+), where R+ is a ring of integral elements) is an absolute value if and only
if the corresponding semi-norm or valuation on R♭ is an absolute value (Corollary 4.9).
By comparing Shilov boundaries of a perfectoid Tate ring and its tilt we deduce from
this statement that a perfectoid Tate ring R which contains a nonarchimedean field has
no non-zero topological divisors of zero if and only if the same property holds true for its
tilt R♭ (Corollary 4.10).
Outline. Let us conclude this introduction with a brief overview of the individual sec-
tions. In Section 2 we explain first basic properties of the topological spectrum of a
semi-normed ring. We introduce the notion of the core of a normed ring and use it to
prove the second part of Theorem 1.2 and Corollary 1.3. Section 3 continues our discus-
sion of semi-normed rings and algebras begun in Section 2. It is devoted to Zariskian
semi-normed rings, a class of normed rings which is strictly bigger than the class of Ba-
nach rings but whose members still share some of the pleasant properties of the latter. We
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use a notion of ’Zariskisation’ to study properties of the space SpecTop(R) for a general
semi-normed ring R. In particular, we prove the first part of Theorem 1.2 saying that the
topological spectrum is a spectral space. In Section 4 we prove our results on perfectoid
Tate rings; in particular, we prove Theorem 1.4 and Corollary 1.5.
Notation and terminology. All rings considered in this paper will be commutative and
with 1. We will regard the element 0 in a ring as a zero-divisor. By a (semi)normed ring
(respectively, a Banach ring) we will mean a topological ring (respectively, a complete
topological ring) whose topology is given by a (semi)norm. In particular, the seminorm is
always assumed to be submultiplicative. The notation (A, ‖·‖) will mean a (semi)normed
ring A whose topology is defined by the (semi)norm ‖·‖. Unless explicitly stated otherwise
we will always assume our seminorms to be nonarchimedean and nontrivial.
A Huber ring A is a topological ring that contains an open adic subring A0 (the so-
called ring of definition) with a finitely generated ideal of definition. A Huber ring A
is called a Tate ring if it contains a topologically nilpotent unit. In the sequel we will
use without further comment the following well-known relationship between Tate rings
and seminormed rings. If A is a Tate ring (respectively, a Hausdorff Tate ring) with
topologically nilpotent unit ̟, then, for any c ∈ (0, 1),
‖x‖ := inf{ cn : n ∈ Z, x ∈ ̟nA0 }, x ∈ A
defines a seminorm (respectively, a norm) which induces the topology of A. If our Tate
ring A, with ring of definition A0, is a K-algebra over some nonarchimedean field K and
the inclusion K →֒ A is continuous, then A carries a natural structure of semi-normed
K-algebra. Indeed, if for every γ ∈ |K×| we choose tγ ∈ K with |tγ| = γ, then
‖x‖ = inf{ γ | x ∈ tγA0 }, x ∈ A,
defines a semi-norm which induces the topology of A. Conversely, every semi-normed
ring with a topologically nilpotent unit is a Tate ring, where
A≤1 = { x ∈ A | ‖x‖ ≤ 1 }
can be taken as ring of definition. For example, if A is a normed K-algebra over some
nonarchimedean field K, then A is a Tate ring, where we can take any ̟ ∈ K with
|̟| < 1 as topologically nilpotent unit. In this paper complete topological rings will
always be Hausdorff and the term ’completion’ will always refer to the Hausdorff com-
pletion of a topological ring.
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reading of this manuscript as well as for her encouragement and many helpful discussions
on the topics of this work. The author is also grateful to Peter Scholze for important
comments on a draft version of this paper and, in particular, for his comments with
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2 The core of a nonarchimedean Banach algebra
Recall that a map ϕ : G → H of semi-normed abelian groups is said to be strict if the
induced isomorphism
G/ ker(ϕ)→ im(ϕ)
is a homeomorphism or, equivalently, if the quotient semi-norm defines the same topology
on im(ϕ) as the semi-norm induced from H . Clearly, a continuous map ϕ : G → H is
strict if and only if it is open onto its image.
In his book [27] on topological fields Warner defines the core of a norm N on a ring
A as the set of elements x ∈ A such that N(xy) = N(x)N(y) for all y ∈ A. The next
definition can be seen as a generalisation of this concept.
Definition 2.1 (The core of a normed ring). Given a normed ring (A, ‖.‖) we define the
strict core of (A, ‖.‖) as the subset
Cores(A, ‖·‖) := { x ∈ A | the map A→ A, a 7→ ax, is strict }.
We then define the simple core (also to be called the core) of A as
Core(A, ‖.‖) := Cores(A, ‖.‖) ∪ { x ∈ A | x is a zero-divisor in A }.
Note that the above definition depends only on the norm topology of a given normed
ring and not on a particular choice of norm. We will write simply Cores(A) and Core(A)
when there is no possibility of confusion on the norm topology.
If V , W are Banach spaces over a nonarchimedean field K and φ : V → W is a
bounded K-linear map, then Banach’s Open Mapping Theorem tells us that φ is strict
if and only if it has closed image. By the more general version of the Open Mapping
Theorem proved in [14] the same holds true for any A-linear continuous map between
complete metrizable topological R-modules over a complete Tate ring A. Hence, for any
complete Tate ring A and any x ∈ A, x ∈ Cores(A) if and only if the principal ideal (x)A
generated by x is closed. In particular, this is true when A is a Banach algebra over a
nonarchimedean valued field K.
Example 2.2. 1. If A is a Noetherian complete Tate ring, then every ideal of A is
closed and hence Cores(A) = A.
2. If A is an arbitrary normed ring whose norm is multiplicative, then obviously
Cores(A) = A.
3. Let F be a perfectoid field of characteristic p > 0 with valuation ring OF , and let
̟F ∈ F be an element of norm < 1. Consider Ainf = W (OF ), the ring of p-typical
Witt vectors of OF , endowed with the ([̟F ], p)-adic norm. By [11], Propositions
1.4.9 and 1.4.11, the ([̟F ], p)-adic topology on Ainf can also be defined by a mul-
tiplicative norm, so we have Cores(Ainf) = Ainf .
The notion of the core is intimately related to the notion of a topological divisor
of zero which was first introduced by Shilov ([13]) and which comes up in the study of
Banach algebras both over a nonarchimedean field K and over C.
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Definition 2.3. (Topological divisor of zero) Let A be a normed ring. An element x ∈ A
is called a topological divisor of zero if there exists a net (xλ)λ in A such that infλ‖xλ‖ > 0
and limλ xλx = 0.
It is clear that in the definition of a topological divisor of zero it would suffice to
consider sequences instead of nets. (If x is a topological divisor of zero and (xλ)λ is a net
as in the definition, every subnet of (xλ)λ has the same property. In particular, we can
pick a countable subnet; that is, a sequence.)
If x ∈ A is not a zero-divisor, then the map a 7→ ax defines a group isomorphism
A→ Ax. That is, there exists an inverse homomorphism which recovers a from ax. Thus
the map a 7→ ax is strict if and only if this inverse homomorphism is continuous. But
a homomorphism of topological groups is continuous if and only if it is continuous at 0.
Hence a 7→ ax is strict if and only if for every net (aλ)λ such that (aλx)λ converges to 0
we have that (aλ)λ must converge to 0 itself. This proves:
Lemma 2.4. Let A be a normed ring and let x ∈ A such that x is not a divisor of zero.
Then x ∈ Core(A) if and only if x is not a topological divisor of zero. 
The following examples are taken from the lecture notes [19] by Kedlaya.
Example 2.5. (loc. cit., Lemma 1.5.26) Consider a uniform Banach ring A and let x =∑∞
n=0 xnT
n ∈ A〈T 〉 such that the xn generate the unit ideal in A. Then x ∈ Cores(A〈T 〉).
In particular, if A is a uniform Banach field, then Cores(A〈T 〉) = A〈T 〉.
Example 2.6. (loc. cit., Exercise 1.1.17) Let p be a prime number. Let A be the
quotient of the infinite Tate algebra Qp〈T, U1, V1, U2, V2, . . . 〉 by the closure of the ideal
(TU1− pV1, TU2− p
2V2, . . . ). Then T is not a zero-divisor in A, but the ideal (T )A is not
closed in A. Hence T ∈ A is a topological divisor of zero which is not a divisor of zero;
in particular, Core(A) 6= A.
The rest of this section is devoted to studying some properties of normed rings (and,
in particular, of nonarchimedean Banach algebras) satisfying Core(A) = A.
Let K be a nonarchimedean field. We have seen that, for x a non-zerodivisor in a
normed algebra A over K with x ∈ Core(A), the inverse map to A → (x)A, a 7→ ax
is continuous. But (x)A is a normed vector space over K and a K-linear map between
normed K-vector spaces is continuous if and only if it is bounded. Hence
Lemma 2.7. A non-zero-divisor x in a normed K-algebra A belongs to Core(A) if and
only if there exists a real number c > 0 such that
‖f‖ ≤ c‖fx‖ for all f ∈ A.

In the following we will set, for every x ∈ Core(A) not a zero-divisor,
cx := inf{ c > 0 | ‖f‖ ≤ c‖fx‖ ∀f ∈ A }
and we will set Cx := ‖x‖cx.
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For any nonzero normed ring A we will denote by M(A) the Gelfand spectrum (aka
as the Berkovich spectrum of A) which is the space of bounded multiplicative seminorms
on A endowed with the weakest topology making the evaluation maps φ 7→ φ(f) contin-
uous for every f ∈ A. By Thm. 1.2.1 of [1] the topological space M(A) is a non-empty
compact Hausdorff space whenever A is a Banach ring. We further denote by | · |sp the
spectral seminorm on A, i.e.
|f |sp := lim
n→∞
‖fn‖1/n (for f ∈ A).
It is well-known that the limit always exists, defines a seminorm on A and that |f |sp =
infn ‖f
n‖1/n = supφ∈M(A) φ(f), see [5], 1.2.3, and [1], Thm. 1.3.1 (note that the above
supremum is actually a maximum since M(A) is compact). We call a normed ring A
spectrally reduced if the spectral seminorm | · |sp is a norm. By the above, A is spectrally
reduced if and only if ⋂
φ∈M(A)
ker(φ) = 0.
In this paper we will be particularly interested in the following class of ideals of a semi-
normed ring A.
Definition 2.8 (Spectrally reduced ideal). An ideal J ( A of a semi-normed ring A is
called spectrally reduced if there exists a power-multiplicative bounded semi-norm φ on
A such that ker(φ) = J .
By what we have recalled in the above paragraph, an ideal J ( A is spectrally reduced
if and only if ⋂
φ∈M(A)
J⊆ker(φ)
ker(φ) = J.
We also define a suitable notion of spectrum of a semi-normed ring A which is our main
object of study in this paper.
Definition 2.9 (Topological spectrum). The topological spectrum of a semi-normed ring
A is the subspace
SpecTop(A) = { p ∈ Spec(A) | p spectrally reduced }
of Spec(A) endowed with the subspace topology (induced from the Zariski topology on
Spec(A)).
In Section 3 we will study the topological properties of SpecTop(A) for a general semi-
normed ring A and in Section 4 we will turn our attention to perfectoid Tate rings.
In the present section we confine ourselves to proving that for a Noetherian Banach
algebra A over a nonarchimedean field K the topological spectrum and the usual (prime
ideal) spectrum of A coincide, and to deriving some consequences from this fact. In
the case of affinoid algebras (both those in the sense of Tate and those in the sense of
Berkovich) this is known classically (see, for example, [1], Proposition 2.1.4). Our proof
for general Noetherian Banach algebras relies on the fact that these Banach algebras
satisfy Cores(A) = A.
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Lemma 2.10. Let A be a Banach algebra without non-zero divisors of zero over a nonar-
chimedean valued field K. Suppose that Core(A, ‖·‖) = A. Then
(i) A is spectrally reduced; that is, the spectral semi-norm | · |sp on A is a norm;
(ii) Core(A, | · |sp) = A.
Proof. Let x ∈ A \ {0} be arbitrary.
(i) Then x is not a topological divisor of zero. So, keeping our previous notation,
Cx <∞. For all n ∈ N>0 we obtain the chain of inequalities ‖x
n‖Cnx ≥ ‖x‖‖x
n−1‖Cn−1x ≥
· · · ≥ ‖x‖n, i.e. we have ‖xn‖1/nCx ≥ ‖x‖ for all n and thus |x|spCx ≥ ‖x‖. Hence |x|sp = 0
implies ‖x‖ = 0.
(ii) For all f ∈ A we have |f |sp|x|sp = limn→∞ ‖f
n‖1/n limn→∞ ‖x
n‖1/n = infn(‖f
n‖‖xn‖)1/n ≤
infn(Cx
n‖(fx)n‖)1/n = Cx infn ‖(fx)
n‖1/n = Cx|fx|sp. By (i), |x|sp 6= 0. Hence
c := Cx/|x|sp
satisfies |f |sp ≤ c|fx|sp for all f ∈ A. By Lemma 2.7, this proves (ii).
Theorem 2.11. Let A be a Noetherian Banach algebra over a nonarchimedean field.
Then every radical ideal of A is spectrally reduced. In particular, SpecTop(A) = Spec(A).
Proof. In a Noetherian Banach K-algebra all ideals are closed (see [4], Prop. 3.7.2/2).
For J ( A a radical ideal in a Noetherian Banach algebra A, the quotient B = A/J is
again a Noetherian Banach algebra. For any x ∈ B the ideal (x)B is then closed and,
consequently, multiplication by x is a strict map by Banach’s Open Mapping Theorem.
Hence Cores(B) = B Now it follows from Lemma 2.10 (i) that the spectral semi-norm
on A/J is a norm. This norm lifts to a power-multiplicative bounded semi-norm on A
whose kernel is J .
A normed ring (A, ‖·‖) is called uniform if the norm ‖·‖ induces the same topology
on A as its spectral seminorm. This is equivalent to requiring that the subset A◦ ⊂ A
of power-bounded elements be bounded (indeed, it is readily seen by inspection that the
subset of power-bounded elements is contained in the subring { x ∈ A | |x|sp ≤ 1 }). A
subset S ⊂ M(A) is called a boundary for a normed ring (A, ‖·‖) if for all f ∈ A there
exists φ ∈ S such that φ(f) = ‖f‖. A closed boundary S ⊂ M(A) is called Shilov
boundary for (A, ‖·‖) if it is the smallest of all closed boundaries for (A, ‖·‖) with respect
to inclusion. It was shown by Escassut and Mainetti [10] that the Shilov boundary exists
for any uniform normed algebra over a nonarchimedean field K.
In [8] Escassut established a close relationship between the notion of Shilov boundary
and that of topological divisors of zero in a uniform normed K-algebra.
Theorem 2.12 (Escassut). Let A be a uniform normed K-algebra over a nonarchimedean
valued field K and let S denote the Shilov boundary for (A, ‖·‖). An element f ∈ A is a
topological divisor of zero if and only if there exists ψ ∈ S such that ψ(f) = 0.
Proof. See [8], Theorem 1.4.
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From this theorem we can deduce that some Banach K-algebras, including all Noethe-
rian ones, have (in a certain sense) ”enough” bounded multiplicative seminorms. This
strengthens the assertion of Theorem 2.11.
Proposition 2.13. Let A be a Banach algebra over a nonarchimedean field K and let
p ( A be a closed prime ideal such that Core(A/p) = A/p. Then p ( A is the kernel of
some element φ ∈M(A).
Proof. Let p ( A be a closed prime ideal as in the statement of the proposition. By
hypothesis, the Banach algebra B := A/p satisfies Core(B, ‖·‖) = B, where ‖·‖ is the
quotient norm induced from A. As usual we denote by | · |sp the corresponding spectral
seminorm. By Lemma 2.10 (i) the seminorm | · |sp is a norm and by Lemma 2.10 (ii) we
have Core(B, | · |sp) = B, so (B, | · |sp) is a uniform normed K-algebra without topological
divisors of zero. By Theorem 2.12 we conclude that there exist absolute values on B
continuous with respect to | · |sp, hence also continuous with respect to ‖·‖. Any such
absolute value lifts to an element φ ∈M(A) with ker(φ) = p.
Corollary 2.14. Let A be a Noetherian Banach algebra. Then every prime ideal of A is
of the form ker(φ) for some φ ∈M(A).
The next lemma (in the case of Banach algebras) is due to Schikhof and was taken
from [24] (p. 48); it shows that we can use the condition Core(A) = A to get some control
of the algebraic properties of A. We will replicate the proof for the sake of completeness.
Lemma 2.15 (Schikhof). Let K be a nonarchimedean field and A a normed algebra over
K such that the group of units A× is open (for example, every Banach algebra has this
property). Then the topological boundary ∂A× of A× consists of topological divisors of
zero.
Proof. Let f ∈ ∂A× and let (fn)n be a net in A
× with fn → f . Since A
× is open, f /∈ A×.
Assume that ‖fn − f‖ < 1/‖fn
−1‖ for some n. Then ‖1 − fn
−1f‖ = ‖fn
−1(fn − f)‖ ≤
‖fn
−1‖‖fn − f‖ < 1. Hence fn
−1f ∈ A× leading to f ∈ A×, a contradiction. Thus we
have ‖fn − f‖ ≥ 1/‖fn
−1‖ for all n and, consequently, we have ‖fn
−1‖ → ∞. Choose
λn ∈ K, c1, c2 > 0 such that for all n ∈ N
c1 ≤ ‖λn
−1fn
−1‖ ≤ c2
We have |λn| ≥ c2
−1‖fn
−1‖, thus |λn| → ∞. For every n ∈ N set tn := λn
−1fn
−1. Then
we obtain infn‖tn‖ ≥ c1 > 0 and
‖tnf‖ = ‖λn
−1fn
−1(f − fn) + λn
−1‖ ≤ max(c2‖f − fn‖, |λn|
−1)→ 0
proving that f is a topological divisor of zero in A.
The lemma leads to a structural result for Banach algebras without non-zero topo-
logical divisors of zero.
Recall that a ring is said to be Jacobson-semisimple if the intersection of all of its
maximal ideals (the Jacobson radical) is zero. A ring is said to be Jacobson if every prime
ideal is an intersection of maximal ideals.
9
Definition 2.16. We call a semi-normed ring A topologically Jacobson if every spectrally
reduced prime ideal p ( A is an intersection of maximal ideals.
If A is a Banach K-algebra and x ∈ A, we denote by sp(x) the spectrum of x, i.e.
sp(x) is the set of λ ∈ K such that the element x− λ is not invertible in A.
Theorem 2.17. Every Banach algebra A without non-zero topological divisors of zero
is Jacobson-semisimple. If for every spectrally reduced prime ideal p ( A the quotient
Banach algebra has no non-zero topological divisors of zero, then A is topologically Ja-
cobson.
Proof. The second assertion follows immediately from the first (recall that every maximal
ideal in a Banach ring is closed). Let A be a Banach K-algebra without non-zero topo-
logical divisors of zero. We want to show that A is Jacobson-semisimple. To this end,
consider an element x in the Jacobson radical of A. Then sp(x) = {0}. Indeed, assume
λ ∈ K is an element such that x− λ /∈ A×. Then x− λ belongs to some maximal ideal
m ( A of A. But since x is in the Jacobson radical this means that λ = x−(x−λ) ∈ m and
thus λ = 0. Now pick any sequence (λn)n ⊂ K converging to 0. Then, since sp(x) = 0, we
obtain a sequence (x− λn)n of units in A converging to the non-unit x. By Lemma 2.15
x must then be a topological divisor of zero. Then, by hypothesis, x = 0 as desired.
Corollary 2.18. Every Noetherian Banach K-algebra is Jacobson.
Proof. Let A be a Noetherian Banach algebra. Recall from Theorem 2.11 (or Corollary
2.14) that every prime ideal of A is spectrally reduced. We see as in the proof of Corollary
2.14 that A/p has no non-zero topological divisors of zero for any prime ideal p ( A. By
the last theorem, any prime ideal p is an intersection of maximal ideals, as desired.
Remark 2.19. Another class of topologically Jacobson Banach algebras is given by per-
fectoid algebras over an algebraically closed nonarchimedean field, see Corollary 4.5.
We conclude this section with a toy application of the theory of Banach algebras with
Core(A) = A. It is well-known that the completion of a normed ring whose underlying
ring is a field need not be a field (unless the norm is assumed to be multiplicative).
Using the notion of the core of a normed algebra we would like to collect some sufficient
conditions on a normed field A which would ensure that the completion Â is a field. To
begin with, we prove a simple algebraic lemma.
We call a ring A a full quotient ring if every non-unit in A is a zero-divisor. Equiva-
lently, A coincides with its own classical ring of fractions (in the literature full quotient
rings have also come to be known as classical rings).
Lemma 2.20. Let A be a reduced full quotient ring with no nontrivial idempotents and
only finitely many minimal prime ideals. Then A is a field.
Proof. Recall that in any reduced ring the set of zerodivisors coincides with the union of
all minimal prime ideals. Now, if A is a reduced full quotient ring as in the Lemma and m
is a maximal ideal in A, then m consists of zerodivisors and is thus contained in the union
of the finitely many minimal prime ideals p1, . . . , pn. By the Prime Avoidance Lemma we
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conclude that m must be equal to one of the pi. Since this applies to any maximal ideal,
A is semilocal (has only finitely many maximal ideals) and zero-dimensional. Since A is
reduced, A is isomorphic to a finite product of fields by the Chinese Remainder Theorem.
But we assumed that A has no nontrivial idempotent elements, so A is a field.
We can now prove the following
Proposition 2.21. Let K be a nonarchimedean field, let A be a normed field over K,
i.e. A is a normed K-algebra which is algebraically a field. Denote by Â the completion
of A, a Banach K-algebra. The following are equivalent:
(i) Â is a Banach field;
(ii) Â contains no non-zero topological divisors of zero (that is, Â is an integral domain
and Core(Â) = Â);
(iii) Â is Noetherian, reduced and connected (contains no idempotents);
(iv) Â is reduced and connected, satisfies Core(Â) = Â and has only a finite number of
minimal prime ideals.
Proof. Since A is dense in Â we see that Â has dense group of units Â×, so by Lemma
2.15 statement (ii) immediately implies statement (i).
Assume (iv). Since Core(Â) = Â we know (see Lemma 2.4) that every topological divisor
of zero in Â is actually a divisor of zero. Again, the group of units Â× is dense in Â.
Using Lemma 2.15 we see that A is a full quotient ring whence we deduce that A is a
field by Lemma 2.20.
Let us now assume (iii). Then Â is a Noetherian Banach algebra and all of its ideals
are closed. A fortiori all principal ideals are closed which implies Core(A) = A (see our
remark immediately after Definition 2.1). This shows that (iii) implies (iv). The other
implications are obvious.
For a Banach ring A let Au denote the completion of A with respect to its spectral
seminorm | · |sp. Following [20], we will call A
u the uniformization of A.
Lemma 2.22. Let A be a spectrally reduced Banach ring, i.e. A is a Banach ring such
that the spectral seminorm | · |sp on A is a norm. Then there is a homeomorphism
M(A) ≃M(Au).
Proof. We have a natural bijective map M(A) → M(Au) which sends a bounded mul-
tiplicative seminorm φ ∈ M(A) to its unique continuous extension (recall that |f |sp =
supφ∈M(A) φ(f) for all f , so every element φ ∈M(A) is bounded by | · |sp). The topology
on M(A) resp. on M(Au) is the topology of pointwise convergence; that is, φn → φ in
M(A) (resp. in M(Au)) if and only if φn(f)→ φ(f) for all f ∈ A (resp. for all f ∈ A
u).
Hence the inverse map M(Au) → M(A) (restriction of continuous multiplicative semi-
norms) is continuous. To see that the map M(A) →M(Au) is continuous, let (φn)n be
a net inM(Au) such that the corresponding net inM(A) converges to some φ ∈M(A).
For the sake of simplicity we will denote the image of φ in M(Au) by φ again. Let
f ∈ Au be an arbitrary element. Take a net (fm)m in A converging to f in A
u. Given
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ǫ > 0 we can find N such that for all m,n ≥ N we have |φn(g)− φ(g)| < ǫ/3 as well as
φ(f − fm) < ǫ/3 and φn(f − fm) < ǫ/3. Then
|φn(f)− φ(f)| ≤ |φn(f)− φn(fm)|+ |φn(fm)− φ(fm)|+ |φ(f)− φ(fm)|
≤ φn(f − fm) + |φn(fm)− φ(fm)|+ φ(f − fm) < ǫ.
Thus φn(f) → φ(f). Since f ∈ A
u was arbitrary we conclude that (φn)n converges to
(the image of) φ in M(Au), as desired.
Corollary 2.23. Let A be a Banach field over K and denote by Au the uniformization
of A. The following are equivalent:
(i) Au satisfies Core(Au) = Au and has only finitely many minimal prime ideals;
(ii) Au is Noetherian;
(iii) Au is a uniform Banach field.
If the ground field K is nondiscretely valued (the value semigroup |K×| is dense in R≥0),
then the above assertions are also equivalent to
(iv) Au is a nonarchimedean field.
Proof. Assume (i). It is clear that every uniform Banach ring is reduced. Hence by
Proposition 2.21 it suffices to show that Au is connected to conclude that it is a field. By
Shilov’s Idempotent Theorem (see [1], Thm. 7.4.1) a Banach K-algebra is connected (has
no nontrivial idempotents) if only if its Berkovich spectrum is a connected topological
space. But by Lemma 2.22, M(Au) is homeomorphic to M(A). This proves (i) ⇒ (iii).
Concerning the remaining implications, (iii) immediately implies (ii), and (ii) implies (i)
since all ideals in a Noetherian Banach algebra are closed. The additional statement in
the case when K is a nondiscretely valued field follows from a result of Kedlaya (namely,
[20], Theorem 3.7) which states that every uniform Banach field over a nondiscretely
valued nonarchimedean field K is necessarily a nonarchimedean field.
3 Zariskian semi-normed rings
We have seen in Section 2 that some properties classically known for Banach algebras hold
also for more general normed algebras A under the weaker hypothesis that the group of
units A× of A is open (see, for example, Lemma 2.15). In this section we want to throw a
closer look at semi-normed rings satisfying this condition. We then use properties of these
semi-normed rings to study topological properties of the topological spectrum SpecTop(A)
of a semi-normed ring A.
For A a semi-normed ring we denote by A◦◦ as usual the set of topologically nilpo-
tent elements of A. The following definition generalizes Nagata’s classical definition for
Zariskian adic rings and the definition of Zariskian Huber rings given in [26].
12
Definition 3.1. We call a semi-normed ring A Zariskian if the open subset 1 +A◦◦ ⊂ A
consists of units.
Note that complete normed rings are Zariskian by the geometric series test and, in
fact, Zariskian normed rings are defined so as to share several important properties of
complete rings. It is clear that a Zariskian semi-normed ring A has open invertible group.
Let us verify that the converse is also true.
Proposition 3.2. Let (A, ‖·‖) be a seminormed ring. Denote by A<1 the subset of ele-
ments with seminorm < 1. The following are equivalent:
1. The group of units A× is open;
2. 1 + A◦◦ ⊂ A× (that is, A is Zariskian);
3. 1 + A<1 ⊂ A
×;
4. Every maximal ideal of A is closed;
5. Every maximal ideal of A is the kernel of a multiplicative seminorm φ on A which
is bounded above by the seminorm ‖·‖.
Proof. (4) ⇒ (5): If m is a closed maximal ideal of A, then the quotient seminorm on
A/m is a norm. By a result of Berkovich ([1], Theorem 1.2.1) there exists a bounded
absolute value on A/m which lifts to a bounded multiplicative seminorm φ on A with
ker(φ) = m.
(5) ⇒ (3): Let φ be a bounded multiplicative seminorm on A. Then, for all x ∈ A<1,
we have φ(1 + x) = 1. In particular, 1 + x /∈ ker(φ). So, 1 + x does not belong to any
maximal ideal of A. That is, the set 1 + A<1 consists of units.
(3) ⇒ (2): Let x ∈ A◦◦. Then xk ∈ A<1 for some k ∈ N>0. By assumption 1 − x
k is a
unit. But by a telescoping argument
(1− x)(1 + x+ x2 + · · ·+ xk−1) = 1− xk,
so 1− x is a unit.
(2) ⇒ (1): The group of units in a topological ring is open whenever it has nonempty
interior.
(1) ⇒ (4): If some maximal ideal of A is not closed, then it is dense (since its closure is
an ideal). But then the group of units is not open.
Corollary 3.3. Let A be a Huber ring with pair of definition (A0, I). Then A is Zariskian
if and only if A0 is I-adically Zariskian.
For normed K-algebras over a nonarchimedean field K the Zariskian condition can
be described in many equivalent ways (our proof of the next proposition largely follows
[17] where an analogous statement is shown for normed algebras over C).
Proposition 3.4. Let K be a nonarchimedean field and A a normed K-algebra. Then
the following are equivalent:
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1. A is Zariskian;
2. The geometric series test holds in A; that is, for x ∈ A, ‖x‖ < 1 implies that the
series
∑∞
n=0 x
n converges in A;
3. The group of units A× is open in A;
4. Every element in the boundary ∂A× of A× is a topological divisor of zero;
5. The function τ : A → R≥0 defined by τ(x) := sup{ |λ| | λ ∈ sp(x) ∪ {0} } satisfies
τ(x) ≤ |x|sp for all x;
6. The function τ satisfies τ(x) ≤ ‖x‖ for all x;
7. There exists some c > 0 such that τ(x) ≤ c‖x‖ for all x;
8. If x ∈ A satisfies ‖x‖ < 1, then 1− xn ∈ A× for some n ∈ N>0;
9. If x ∈ A has the property that the series
∑∞
n=0 ‖x‖
n converges, then the series∑∞
n=0 x
n converges in A;
10. Every maximal ideal of A is closed;
11. Every maximal ideal of A is of the form ker(φ) for some element φ ∈ M(A).
Proof. Clearly (5) ⇒ (6) ⇒ (7) and (9) ⇒ (2) ⇒ (1). The equivalence of (1), (3), (10)
and (11) was established in the last Proposition. (4) implies (3) since a unit in a normed
ring cannot be a topological divisor of zero, and a subset of a topological space which is
disjoint from its own boundary is open.
(3)⇒ (4): This is exactly Lemma 2.15.
(7) ⇒ (8): Given x ∈ A with ‖x‖ < 1 pick n ∈ N>0 so large that ‖x‖
n < 1/c. For
λ ∈ sp(xn) we have |λ| ≤ τ(xn) ≤ c‖xn‖ ≤ c‖x‖n < 1. In particular, 1 /∈ sp(xn), i.e.
1− xn ∈ A×.
(8) ⇒ (9): Let x ∈ A such that the series
∑∞
n=0 ‖x‖
n converges. Then x is necessarily
topologically nilpotent and ‖xk‖ < 1 for some k. Then we know that for some (possibly
larger) k the element 1− xk is a unit. By a telescoping argument
(1− x)(1 + x+ x2 + · · ·+ xk−1) = 1− xk,
so 1− x is invertible. Another telescoping argument yields
1 + x+ x2 + · · ·+ xn = (1− x)−1(1− xn+1)
and the expression on the right hand side converges to (1− x)−1 since x is topologically
nilpotent.
(11)⇒ (5): Fix some element x ∈ A. Let λ ∈ sp(x); then x−λ belongs to some maximal
ideal m of A. By (11) there exists a continuous absolute value | · | on the quotient A/m.
If χ : A→ A/m is the natural quotient map, then |χ(x)| = |λ|. As |χ| defines an element
of M(A), we obtain
τ(x) ≤ sup
φ∈M(A)
φ(x) = |x|sp.
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Remark 3.5. In the case of normed algebras over C, the algebras we call Zariskian have
come to be known as Q-algebras, a terminology introduced by Kaplansky in [18]. We
have opted for the terminology of [26] since it is more in step with the case of adic rings.
We note the following elementary consequence of Proposition 3.4.
Corollary 3.6. Let A be a Zariskian normed K-algebra which is spectrally reduced,
i.e. spectral semi-norm | · |sp derived from the norm of A is a norm. Then the normed
algebra (A, | · |sp) is again Zariskian.
Proof. If φ ∈ M(A), then φ(x) ≤ |x|sp for all x, i.e. φ ∈ M(A, | · |sp). Now apply the
equivalence of (1) and (11) from the proposition.
The different characterisations of Zariskian normed K-algebras can be used to prove
automatic continuity results as exemplified by the next proposition. It generalises Theo-
rem 15.3 in Escassut’ s book [7] to (possibly incomplete) Zariskian normed algebras. The
symbol τ has the same meaning as in the previous Proposition.
Proposition 3.7. Let B be a normed K-algebra whose spectral semi-norm | · |Bsp satisfies
|x|Bsp = τ(x) for all x ∈ B (note that B is automatically Zariskian). Then any K-algebra
homomorphism φ : A → B where A is a Zariskian normed algebra with spectral semi-
norm | · |Asp satisfies
|φ(x)|Bsp ≤ |x|
A
sp.
Proof. Since φ maps invertible elements to invertible elements, τ(φ(x)) ≤ τ(x) for all
x ∈ A. Then, for any x ∈ A, |φ(x)|Bsp = τ(φ(x)) ≤ τ(x) ≤ |x|
A
sp, where the last inequality
follows from A being Zariskian by Proposition 3.4.
The Zariskian condition is stable under some basic operations on semi-normed rings.
Proposition 3.8. Let A be a Zariskian semi-normed ring and let I ( A be a closed ideal.
Then the normed ring A/I is Zariskian.
Proof. For a maximal ideal m ( A/I consider the pre-image m′ of m in A. By Proposition
3.2 we can choose φ ∈M(A) with m′ = ker(φ). Then φ˜(x+ I) = φ(x), x ∈ A, defines an
element φ˜ of M(A/I) with ker(φ˜) = m.
Recall that, given an adic ring A0 with ideal of definition I, the associated Zariski
ring or Zariskisation AZar0 of A0 is the localization of A at the multiplicative subset 1+ I.
Now observe that, in any nonarchimedean semi-normed ring A, the set 1 + A◦◦ is a
multiplicative subset of A. The following proposition was proved in the case of Zariskian
Huber rings by Tanaka ([26], Theorem 3.12 and Theorem 3.15).
Proposition 3.9. The inclusion of the category of Zariskian semi-normed rings and
bounded ring homomorphisms into the category of all semi-normed rings and bounded
ring homomorphisms possesses a left-adjoint given by (A, ‖·‖) 7→ (AZar, ‖·‖Zar) where
AZar := (1 + A<1)
−1A
and the semi-norm ‖·‖Zar on A
Zar is defined by
‖
a
s
‖Zar =
‖a‖
‖s‖
= ‖a‖.
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Proof. It is readily seen that ‖·‖Zar indeed defines a semi-norm on the ring A
Zar, for any
semi-normed ring A.We want to verify that, for any semi-normed ring A, the semi-normed
ring AZar is Zariskian. Let y ∈ (AZar)<1. Write y in the form y =
a1
1+a2
with a1 ∈ A, a2 ∈
A<1. Then ‖a1‖ = ‖y‖Zar < 1. Hence 1+ y = 1+
a1
1+a2
= 1+a1+a2
1+a2
∈ (1 +A<1)
−1(1+A<1)
whence we see that 1+y is a unit AZar. It follows by Proposition 3.2 that AZar is Zariskian.
The natural map A → AZar is continuous (by definition, it is even submetric), so
the image of A◦◦ in AZar is contained in (AZar)◦◦. In particular, the image of the set
1 + A◦◦ ⊂ A consists of units in AZar. This means that the natural homomorphism
AZar = (1 + A<1)
−1A→ (1 + A◦◦)−1A is an isomorphism.
Now let ϕ : A → B be a bounded homomorphism from a semi-normed ring A to a
Zariskian semi-normed ring B. Since ϕ is continuous, it sends 1+A◦◦ into 1+B◦◦. Since
all elements of 1 + B◦◦ are invertible in B, the homomorphism ϕ factors through the
natural map A→ AZar. This shows that the assignment A 7→ AZar is a functor which is
left-adjoint to the full embedding of the category of Zariskian semi-normed rings into the
category of semi-normed rings.
For any semi-normed ring we call the semi-normed ring AZar from Proposition 3.9 the
Zariskisation of A. We also use this name for the functor A 7→ AZar.
Corollary 3.10. Any filtered colimit (in the category of semi-normed rings and bounded
ring homomorphisms) of Zariskian semi-normed rings is Zariskian.
Proof. By the above proposition the Zariskisation functor A 7→ AZar has a right-adjoint,
hence it commutes with filtered colimits.
As we mentioned before, all Banach rings (complete normed rings) are Zariskian.
Corollary 3.10 supplies us with many examples of Zariskian normed rings which are not
complete. For example, for a perfectoid field K the K-algebra
(Tn)
1/p∞ = K〈X1, . . . , Xn〉[X
1/p∞
1 , . . . , X
1/p∞
n ],
equipped with the Gauss norm ‖
∑
ν∈(Z[1/p]≥0)n
aνX
ν‖ = maxν |aν |, is the direct limit of
the Banach algebras
(Tn)
1/pm = K〈X1, . . . , Xn〉[X
1/pm
1 , . . . , X
1/pm
n ]
(each of which is in fact isometrically isomorphic to Tn = K〈X1, . . . , Xn〉 via the map
which raises each variable to its p-th power). Hence it is Zariskian by virtue of Corollary
3.10. However, (Tn)
1/p∞ is not complete since the sequence
(
m∑
k=0
̟kX
1/pk
1 )m∈N ⊂ (Tn)
1/p∞
is a Cauchy sequence without limit in (Tn)
1/p∞ .
We now turn to the discussion of topological properties of the topological spectrum of
a semi-normed ring. Therein the notion of Zariskisation introduced above plays a crucial
role.
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Lemma 3.11. For any semi-normed ring there is a homeomorphism
SpecTop(A) ≃ SpecTop(A
Zar).
Proof. It suffices to construct an inclusion-preserving surjection from the set of spectrally
reduced ideals of A onto the set of spectrally reduced ideals of AZar which takes prime
ideals to prime ideals and whose restriction to SpecTop(A) is injective.
We claim that the map from the set of spectrally reduced ideals of A to the set of
spectrally reduced ideals of AZar which is given by J 7→ JAZar has the required properties.
First of all, this map is well-defined since no spectrally reduced ideal of A can intersect
the set 1 + A<1 (every φ ∈ M(A) satisfies φ(f) < 1 and hence φ(1 + f) = 1 for any
f ∈ A<1). The map J 7→ JA
Zar is clearly inclusion-preserving, takes prime ideals to
prime ideals and its restriction to SpecTop(A) is injective, since pA
Zar ∩ A = p if p is
a spectrally reduced prime ideal. It remains to prove that the map is surjective. Let
I be a spectrally reduced ideal of AZar, let J = I ∩ A. Then I = JAZar by the usual
properties of localization and J is spectrally reduced since the restriction to A of any
bounded power-multiplicative semi-norm φ on AZar with ker(φ) = I must have kernel J .
Corollary 3.12. In any semi-normed ring A, every spectrally reduced ideal is contained
in a maximal spectrally reduced ideal.
Proof. Every ideal of AZar is contained in a maximal ideal and every maximal ideal of AZar
is spectrally reduced (Proposition 3.2), so the claim follows from the above lemma.
Recall that a topological space X is called sober if every irreducible component of X
contains a unique generic point. Recall that a spectral space (in the sense of Hochster) is a
T0 topological space which is quasi-compact, sober and whose quasi-compact open subsets
form a basis for the topology stable under taking finite intersections. The main result of
[15] states that a topological space X is spectral if and only if it is homeomorphic to the
prime ideal spectrum of some ring. There are also examples of spectral spaces associated
to certain semi-normed rings: In [16] Huber proved that the adic spectrum of a Huber
pair (A,A+) is a spectral space (loc. cit., Theorem 3.5).
Theorem 3.13. The topological spectrum of a semi-normed ring is a spectral space in
the sense of Hochster.
We prove this theorem in a number of steps.
Lemma 3.14. Let (A, ‖·‖) be a semi-normed ring. There exist minimal spectrally reduced
prime ideals in A.
Proof. Let p0 ) p1 ) · · · ) pn ) . . . be a strictly descending chain of spectrally reduced
prime ideals in A. Let αi be a bounded power-multiplicative semi-norm on A with
ker(αi) = pi. Consider the bounded power-multiplicative semi-norm α defined by α(f) :=
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supi αi(f) (the supremum is always finite since αi(f) ≤ ‖f‖ for every i and every f ∈ A).
Then
ker(α) =
⋂
i
pi.
Let f, g ∈ A be elements of A such that fg ∈
⋂
i pi =: p and g /∈ p. Choose i such that
g /∈ pi. Then for every j ≥ i we have f ∈ pj, so f ∈ p. This shows that p = ker(α) is
a spectrally reduced prime ideal and hence it shows that every strictly descending chain
of spectrally reduced prime ideals in A admits a lower bound. We conclude by applying
Zorn’s Lemma ’downwards’.
Corollary 3.15. For any semi-normed ring A the topological space SpecTop(A) is sober.
Proof. The map p 7→ V(p) is inclusion-reversing bijection between the set of spectrally re-
duced prime ideals of A and the set of irreducible closed subsets of SpecTop(A). Hence the
minimal spectrally reduced prime ideals of A whose existence was proved in Lemma 3.14
correspond to maximal irreducible subsets, i.e. to irreducible components, of SpecTop(A).
This shows that a minimal spectrally reduced prime ideal p is a unique generic point of
the corresponding irreducible component V(p).
Lemma 3.16. Let A be semi-normed ring. For every f ∈ A the principal open subset
Dsp(f) = { p ∈ SpecTop(A) | f /∈ p }
is quasi-compact. In particular, the topological spectrum SpecTop(A) is quasi-compact.
Proof. Algebraically, the subset D(f) of Spec(A) can be described as the spectrum of
the localization A[f−1]. We want to exhibit the subset Dsp(f) (f ∈ A) as the topological
spectrum of a ’semi-normed localization’ of A. Note that Dsp(f) is empty for an element
f if and only if f belongs to every spectrally reduced prime ideal of A if and only if f
belongs to the kernel of the spectral semi-norm derived from the semi-norm on A. For
any f ∈ A such that Dsp(f) is not empty define a (power-multiplicative) semi-norm ‖·‖f
on the localization A[f−1] by
‖
a
fn
‖f := sup
φ∈M(A)
φ(f)6=0
φ(a)
φ(f)n
.
Every φ ∈ M(A) with φ(f) 6= 0 defines an element φf of the Berkovich spectrum of
(A[f−1], ‖·‖f) given by φf(
a
fn
) = φ(a)
φ(f)n
and ker(φf) is precisely the prime ideal ker(φ)A[f
−1].
The map φ 7→ φf is a bijection between the set of φ ∈ M(A) which do not annihilate f
and the Berkovich spectrum of (A[f−1], ‖·‖f).
If α is a power-multiplicative (but not necessarily multiplicative) bounded semi-norm
on A with α(f) 6= 0, then
αf (x) = sup
φ∈M(A)
φ≤α
φf(x)
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for x ∈ A[f−1] defines a power-multiplicative semi-norm on A[f−1] which is bounded with
respect to the semi-norm ‖·‖f . Again we have
ker(αf) = ker(α)A[f
−1].
Finally, given a spectrally reduced prime ideal p ∈ Dsp(f) let | · |p be the lift to A of the
spectral norm on A/p. Then, by the above, the map Dsp(f)→ SpecTop(A[f
−1]) given by
p 7→ ker((| · |p)f) coincides with the restriction of the usual map D(f) → Spec(A[f
−1]),
so it defines a homeomorphism Dsp(f) ≃ SpecTop(A[f
−1]). This shows that Dsp(f) is
itself the topological spectrum of a semi-normed ring. Consequently, to prove that all
Dsp(f) are quasi-compact it suffices to prove that SpecTop(A) is quasi-compact for every
semi-normed ring A.
By Lemma 3.11 we may assume that our semi-normed ring A is Zariskian. To prove
quasi-compactness of X = SpecTop(A) it suffices to consider open covers ofX by principal
open subsets since these form a basis for the topology on X . Let (D(fi))i∈I be such a
cover for some (possibly infinite) index set I. This means that the ideal of A generated
by the elements fi, i ∈ I, is not contained in any spectrally reduced prime ideal of A.
But A is assumed to be Zariskian, so every maximal ideal of A is spectrally reduced.
Hence the ideal generated by fi, i ∈ I, is not contained in any maximal ideal, i.e. the
elements fi, i ∈ I, generate the unit ideal of A. Then we can find a finite subset I
′ of I
such that fi, i ∈ I
′, generate the unit ideal. This gives us a finite subcover of the open
cover (D(fi))i∈I of X , establishing that X is indeed quasi-compact.
Proof of Theorem 3.13. Let A be a semi-normed ring. If p1 and p2 are two distinct
spectrally reduced prime ideals, there exists an element f contained in p1 but not p2 or
vice versa. In other words, there exists f ∈ A such that p1 /∈ Dsp(f) and p2 ∈ Dsp(f) (or
vice versa), showing that the topological space SpecTop(A) is T0. By Corollary 3.15 we
know that SpecTop(A) is sober. The family of principal open subsets Dsp(f), f ∈ A, forms
a basis for the topology of SpecTop(A) stable under finite intersections (since Dsp(f) =
D(f) ∩ SpecTop(A) in Spec(A) and the family D(f), f ∈ A, satisfies this property as a
family of subsets of Spec(A)). Hence the proposition follows from Lemma 3.16.
Just as in commutative algebra the notion of a radical ideal in a ring leads to the
notion of the radical of an arbitrary ideal, we can introduce a notion of ’spectral radical’
for ideals in a Zariskian semi-normed ring. This will prove useful not only in this section
but also while studying the tilting map for spectrally reduced ideals of a perfectoid Tate
ring in Section 4.
Definition 3.17 (Spectral radical). Let A be a Zariskian semi-normed ring and I any
ideal in A. We define the spectral radical Isp of I in A as the intersection of all spectrally
reduced ideals of A containing I. Equivalently,
Isp =
⋂
φ∈M(A)
ker(φ)⊇I
ker(φ).
Remark 3.18. The notion of the spectral radical is well-defined for any ideal in a Zariskian
semi-normed ring since every maximal ideal in such a semi-normed ring is of the form
ker(φ) for some φ ∈M(R) (Proposition 3.2).
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In commutative algebra it is a common theme to describe certain properties of a ring
A as properties of the topological space Spec(A). For example, a ring A is Jacobson
if and only if Spec(A) is a Jacobson topological space ([6], Part 1, Lemma 10.34.4)
and every radical ideal of A is the radical of finitely generated ideal if and only if the
topological space Spec(A) is Noetherian (see [23], Proposition 2.1). Analogous assertions
can be proved for the topological spectrum of a Zariskian semi-normed ring. Recall that
a topological space is called a Jacobson space if its closed points are dense in every closed
subset.
Proposition 3.19. If a semi-normed ring A is topologically Jacobson, then SpecTop(A)
is a Jacobson topological space. For Zariskian semi-normed rings the converse is also
true.
Proof. Suppose that A is topologically Jacobson. Let Z ⊂ SpecTop(A) be a closed subset.
We have to show that the set of closed points in Z is dense in Z. Let f ∈ A such that
Dsp(f) ∩ Z 6= ∅. Write Z = V(I) for a spectrally reduced ideal I (if I is not spectrally
reduced, replace I with its spectral radical). We see that f /∈ I. By assumption, there
exists a maximal ideal m ( A such that I ( m but f /∈ m. Hence m ∈ Dsp(f) ∩ Z as
desired. Conversely, suppose that SpecTop(A) is Jacobson. Let p ( A be a spectrally
reduced prime ideal of A. Let J =
⋂
p⊂m m be the intersection of the maximal ideals
containing p. By Proposition 3.2, J is an intersection of spectrally reduced prime ideals,
V(J) ⊆ V(p) and V(J) is the smallest closed subset of V(p) containing all closed points
of V(p). By assumption V(J) = V(p). But this means p ⊇ J whence J = p. We conclude
that A is topologically Jacobson.
The last result of this section is a faithful analogue of Proposition 2.1 in [23].
Proposition 3.20. Let A be a Zariskian semi-normed ring. The topological space SpecTop(A)
is Noetherian if and only if every spectrally reduced ideal is the spectral radical of a finitely
generated ideal.
Proof. Let X = SpecTop(A) and assume that every spectrally reduced ideal is the spectral
radical of a finitely generated ideal. Let I ( A be a spectrally reduced ideal. By
assumption, I = ((f1, . . . , fn)A)sp for some finite collection of elements f1, . . . , fn ∈ I.
This means
V(I) =
n⋂
i=1
V((fi)A),
whence
X \ V(I) =
n⋃
i=1
(X \ V((fi)A)) =
n⋃
i=1
Dsp(fi).
By Lemma 3.16 the open sets Dsp(xi) are quasi-compact, so their finite union X \ V(I)
is quasi-compact. But every open subset of X is of the form X \V(I) for some spectrally
reduced ideal I ( A. Hence we have shown that every open subset of X is quasi-compact.
This is equivalent to X being a Noetherian topological space.
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Conversely, if the topological space X is Noetherian, then every open subset of X is
quasi-compact. That is, the subset X \ V(I) is quasi-compact for any spectrally reduced
ideal I of A. Since the principal open subsets Dsp(f) (for f ∈ A) form a basis for the
topology of X , this means that there exist finitely many elements f1, . . . , fn ∈ A with
X \ V(I) =
⋃n
i=1Dsp(fi). In other words, a spectrally reduced ideal p of A contains I if
and only if it contains all of the elements f1, . . . , fn. But this means precisely that I is
equal to the spectral radical of (f1, . . . , fn)A.
4 Perfectoid rings and spectrally reduced ideals
In the sequel fix a prime number p. A perfectoid Tate ring (in the sense of Fontaine) is a
uniform Banach ring R containing a topologically nilpotent unit ̟ such that p ∈ ̟pR◦
and the Frobenius φ : R◦/̟p → R◦/̟p is an isomorphism. If K is a perfectoid Tate ring
which is a field, it is automatically a nonarchimedean field by Theorem 4.2 in [20], and
K is called a perfectoid field. For R a uniform Banach algebra over some perfectoid field
K the perfectoid condition is equivalent to: The Frobenius map φ : R◦/pR◦ → R◦/pR◦
on the mod-p reduction of the ring of power-bounded elements R◦ is an isomorphism. If
moreover K is a perfectoid field of characteristic p, then a Banach algebra R over K is
perfectoid if and only if it is perfect (as one readily verifies by an application of Banach’s
Open Mapping Theorem, R being perfect already implies that R is uniform).
For any perfectoid Tate ring R we can construct the tilt R♭ of R which is a perfect
uniform Banach ring of characteristic p. For any fixed perfectoid Tate ring R we have an
equivalence of categories A 7→ A♭, ϕ 7→ ϕ♭, between the category of perfectoid R-algebras
and the category of perfectoid R♭-algebras. The definition of R♭ (resp. A♭) in terms of
sequences of elements of R (resp. of A) has been recalled in the introduction. The norm
of an element x = (x(n))n ∈ A
♭ is defined as ‖x‖ := ‖x(0)‖. On the level of morphisms, we
associate to a bounded homomorphism ϕ : A → B of perfectoid R-algebras a bounded
homomorphism of R♭-algebras ϕ♭ : A♭ → B♭ defined by
ϕ♭(f) := (ϕ(f (n)))n, f = (f
(n))n∈N0 ∈ A
♭.
As in the introduction f 7→ f# is the natural multiplicative map A♭ → A: If f ∈ A♭ is
given by the sequence (f (n))n≥0 of elements of A, then f
# is defined as the 0-th term of
that sequence. It turns out that the image of the map f 7→ f# generates a dense subring
of A, so a morphism ϕ can indeed be recovered from its tilt ϕ♭.
Perfectoid fields and perfectoid algebras over them have been introduced by Scholze in
his thesis [25]. Kedlaya and Liu [21] defined perfectoid Banach algebras over Qp that do
not necessarily contain a perfectoid field. The general definition of a perfectoid Tate ring
stated above has first appeared in Fontaine’s Bourbaki talk [12]. There is also a notion of
’integral perfectoid rings’ which we recall and appeal to in the proof of Theorem 4.2 below.
Let R be a perfectoid Tate ring. The map R → R♭, f 7→ f#, described above is
certainly far from being surjective (not every element of A has a compatible system of
p-power roots). However, Scholze has proved a useful approximation lemma (Corollary
6.7 (i) in [25]), extended to perfectoid rings in the sense of Fontaine by Kedlaya and Liu
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([22], Lemma 3.2.7) which, roughly speaking, states that every element f ∈ R considered
as a function x 7→ |f(x)| on the Berkovich spectrum M(R) can be approximated by a
function of the form g# (for some g ∈ R♭) at all points where f and g# are ”not too
small”. From this approximation statement one deduces that the natural map between
the Berkovich spectra M(R) and M(R♭) defined by x 7→ x♭, where |g(x♭)| := |g#(x)|, is
a homeomorphism (this is done in the same way as for adic spectra of perfectoid algebras
in [25], Corollary 6.7 (iii)). Our proof of the following theorem again relies on Scholze’s
approximation result.
Proposition 4.1. Let R be a perfectoid Tate ring with tilt R♭. The homeomorphism of
Berkovich spectra M(R) ≃M(R♭) identifies the Shilov boundaries of R and R♭.
Proof. Let Σ be any boundary of M(R). Let g ∈ R♭. Since Σ is a boundary there exists
x ∈ Σ such that |g(x♭)| = |g#(x)| = ‖g#‖ = ‖g‖. This shows that the image Σ♭ of Σ is a
boundary ofM(R♭). We claim that, conversely, every boundary of M(R♭) is of the form
Σ♭ for some boundary Σ of M(R). Since the map x 7→ x♭ is bijective it suffices to show:
If Σ ⊂ M(R) is a subset such that Σ♭ is a boundary of M(R♭), then Σ is a boundary
of M(R). To see this, suppose that Σ ⊂ M(R) is not a boundary. Then there exist
f ∈ R, y ∈ M(R) such that |f(y)| > |f(x)| for all x ∈ Σ. Fix an element x ∈ Σ. Pick a
topologically nilpotent unit ̟ ∈ R◦ defining the topology of R as a Tate ring. Pick c ≥ 0
such that
min{|f(x)|, |f(y)|} ≥ |̟|c
and choose 0 < ǫ < 1 such that |̟|1−ǫ < 1 (to see that such an ǫ exists note that |̟| < 1
since ̟ is topologically nilpotent and R is uniform and choose a zero sequence ǫn in (0, 1);
then |̟|1−ǫn → |̟| < 1, so |̟|1−ǫn < 1 for some n). By Corollary 6.7. in [25] when R is
defined over a perfectoid field (this is the said approximation lemma) or by [22], Lemma
3.2.7, in general, there exists gc,ǫ ∈ R
♭ such that for all z ∈M(R)
|f(z)− gc,ǫ
#(z)| ≤ |̟|1−ǫmax{|f(z)|, |̟|c}.
In particular,
|f(x)− gc,ǫ
#(x)| < |f(x)| and |f(y)− gc,ǫ
#(y)| < |f(y)|,
and thus
|gc,ǫ(x
♭)| = |gc,ǫ
#(x)| = |f(x)| < |f(y)| = |gc,ǫ
#(y)| = |gc,ǫ(y
♭)|.
Since x ∈ Σ was arbitrary we conclude that Σ♭ is not a boundary of M(R♭), proving the
claim.
Recall from Section 2 that an ideal I of a semi-normed ring R is said to be spectrally
reduced if the spectral semi-norm derived from the quotient norm onR/I is a norm onR/I
(equivalently, I is spectrally reduced if there exists some bounded power-multiplicative
semi-norm on R whose kernel is I). In particular, spectrally reduced ideals are closed
radical ideals.
We are interested in describing quotients of a perfectoid ring R modulo its spectrally
reduced ideals. When R is of characteristic p, the quotient R/I of A modulo any closed
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radical ideal I is perfect, hence also uniform, by an application of Banach’s Open Mapping
Theorem (view R/I as a Banach module over itself via the map x 7→ xp). Thus in
characteristic p every such quotient is already perfectoid. One can ask if an analogue of
this statement holds true in the characteristic 0 case: If R is a perfectoid ring of zero
characteristic and I is a spectrally reduced ideal of R, is the quotient R/I perfectoid?
We answer this question in the affirmative by using a recent result of Bhatt and Scholze
([3], Theorem 7.4).
Theorem 4.2. Let R be a perfectoid Tate ring and I ( R an ideal of R. Then the
quotient R/I is perfectoid if and only if the ideal I is spectrally reduced.
We first record a simple property of the uniformization Ru of a Banach ring R which
we intend to use in our proof of the above theorem.
Lemma 4.3. Let R be a Banach ring and let Ru be the uniformization of R, i.e. Ru is
the completion of R with respect to its spectral semi-norm. Then Ru satisfies the following
universal property: Every bounded homomorphism from R to a uniform Banach ring S
factors through the canonical map u : R→ Ru.
In other words, the functor R 7→ Ru from the category of Banach rings to the category
of uniform Banach rings is left-adjoint to the natural inclusion functor.
Proof of the lemma. Let ϕ : R → S be a bounded homomorphism from R to a uniform
Banach ring S. Then ϕ is bounded (and even submetric) if R is endowed with its spectral
semi-norm and S is endowed with a power-multiplicative norm ‖·‖ defining its topology.
Let f ∈ Ru be an arbitrary element of the uniformization. Then there exists a net
(fλ)λ ⊂ R such that u(fλ)→ f in R
u. The map u : R→ Ru is an isometry with respect
to the spectral semi-norm | · |sp on R. Now set ϕ
u(f) := limλ ϕ(fλ). If (gλ)λ ⊂ R is
another net with the property that u(gλ)→ f , then |gλ − fλ|sp → 0 as λ→∞ and thus
‖ϕ(fλ)− ϕ(gλ)‖ ≤ |fλ − gλ|sp → 0.
This shows that limλ ϕ(gλ) = limλ ϕ(fλ) in S and hence ϕ
u is a well-defined bounded
homomorphism Ru → S with the property that ϕu ◦ u = ϕ.
Proof of Theorem 4.2. By [22], Theorem 3.3.18 (iii), the quotient R/I is perfectoid if and
only if it is uniform. So, we have to show that R/I is a uniform Banach ring for every
spectrally reduced ideal I of R.
If R0 is a ring which is ̟-adically complete for some non-zero divisor ̟ such that ̟
p
divides p, then we say that R0 is an integral perfectoid ring if R = R0[̟
−1], endowed with
the ̟-adic topology on R0, is a perfectoid Tate ring. Usually integral perfectoid rings are
defined in a slightly different way (see [2], Definition 3.5) but Lemma 3.20 and Lemma
3.21 in [2] show that for rings which are ̟-adically complete for some non-zero-divisor
̟ the two definitions are equivalent.
Fix a topologically nilpotent unit ̟ ∈ R as in the definition of a perfectoid Tate ring.
Let I be a spectrally reduced ideal of R. Let S = R◦/(I ∩ R◦). By [3], Corollary 7.3,
there exists a universal integral perfectoid ring Sperfd equipped with a map S → Sperfd.
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Then R′ = Sperfd[̟
−1] is a perfectoid Tate ring equipped with a continuous ring map
R → R′ such that I is in the kernel of R → R′ and such that every continuous ring
map ϕ : R → R′′ from R to a perfectoid Tate ring R′′ containing I in its kernel factors
through R → R′. On the other hand, the uniformization (R/I)u of R/I is a perfectoid
Tate ring by virtue of [22], Theorem 3.3.18 (ii), and, by Lemma 4.3, (R/I)u satisfies
the same universal property in the category of perfectoid R-algebras (and even in the
category of uniform Banach R-algebras) as the universal property just described for R′.
It follows that R′ = (R/I)u. But by [3], Theorem 7.4, the map S → Sperfd is surjective, so
the map R/I → (R/I)u is surjective. Since I was assumed to be spectrally reduced, the
map R/I → (R/I)u is also injective. This shows that R/I is already a uniform Banach
ring, as claimed.
Corollary 4.4. Let R be a perfectoid Tate ring and m ( R a maximal ideal. Then the
quotient Banach field R/m is a perfectoid field.
Proof. Combine the above theorem with [20], Theorem 4.2.
Corollary 4.5. Every perfectoid algebra A over an algebraically closed nonarchimedean
field K is topologically Jacobson.
Proof. Let I be a spectrally reduced ideal of A. We want to show that I is an intersec-
tion of maximal ideals. By Theorem 4.2 the quotient Banach algebra A/I is uniform.
But by [9], Theorem 1, every uniform Banach algebra over an algebraically closed nonar-
chimedean field is Jacobson-semisimple. This proves that I is an intersection of maximal
ideals of A, as desired.
Let R be a perfectoid Tate ring with tilt R♭. For I ( R a closed ideal define a subset
I♭ of R♭ by
I♭ = { (f (n))n∈N ∈ R
♭ | f (n) ∈ I }.
Since I is an ideal, if f, g ∈ R♭ with g ∈ I♭, then fg ∈ I♭. Since I is moreover a closed
ideal, for f, g ∈ I♭, the limit (f +g)(0) = limm→∞(f
(m)+g(m))p
m
is in I so that f +g ∈ I♭.
We also see that I♭ is not the whole ring R♭ since otherwise I would contain the element
1 = 1(0). This shows that the subset I♭ is a proper ideal of R♭. We call it the tilt of the
closed ideal I of R. Note that I♭ = { (f (n))n∈N ∈ R
♭ | f (0) ∈ I } whenever I is a closed
radical ideal.
When the ideal I is spectrally reduced (so that the quotient Banach ring A/I is
perfectoid by Theorem 4.2) the ideal I♭ is closed and has a particularly simple description.
Lemma 4.6. Let R be a perfectoid Tate ring and let I ( R be a spectrally reduced ideal
so that the quotient Banach ring R/I is again perfectoid. Let ϕ : R → R/I denote the
quotient map and ϕ♭ its tilt. Then ker(ϕ♭) = I♭, and (R/I)♭ is topologically isomorphic
to R♭/I♭.
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Proof. Recall that the map ϕ♭ : R→ (R/I)♭ is given by
ϕ♭(f) = (ϕ(f (n)))n, f = (f
(n))n∈N0 ∈ R
♭.
This shows that ker(ϕ♭) = ker(ϕ)♭ = I♭. In particular, I♭ is closed in A♭ and A♭/I♭ is a
Banach ring. By [21], Proposition 3.6.9, the homomorphism ϕ♭ is surjective and strict.
Hence the Banach rings A♭/I♭ and (A/I)♭ are isomorphic.
We obtain a well-defined map I 7→ I♭ from the set of spectrally reduced ideals of R
to the set of spectrally reduced ideals of R♭. We want to define an inverse to this map.
Note that any spectrally reduced ideal in R resp. in R♭ is an intersection of ideals of the
form ker(φ) for φ ∈ M(R) resp. for φ ∈ M(R♭) (this is a consequence of [1], Theorem
1.3.1). Let φ 7→ φ# denote the inverse map of the homeomorphismM(R) ≃M(R♭). For
J ( R♭ a spectrally reduced ideal (equivalently, a closed radical ideal) define
J# =
⋂
φ∈M(R♭)
J⊆ker(φ)
ker(φ#).
In particular, if J = ker(φ) for some φ ∈ M(R♭), then J# = ker(φ#). It is readily
seen that the map J 7→ J# thus defined respects inclusions and intersections (for every
φ ∈ M(R♭) the kernel ker(φ) is a prime ideal). Then, for every spectrally reduced ideal
J of R♭, we have
(J#)♭ =
⋂
φ∈M(R♭)
J⊆ker(φ)
ker(φ#)♭ =
⋂
φ∈M(R♭)
J⊆ker(φ)
ker(φ#♭) =
⋂
φ∈M(R♭)
J⊆ker(φ)
ker(φ) = J.
Conversely, let I be a spectrally reduced ideal of R. The quotient R/I is a perfectoid ring
with tilt R♭/I♭ (Theorem 4.2 and Lemma 4.6), and thus for φ ∈ M(R♭) the condition
ker(φ) ⊇ I♭ is equivalent to ker(φ#) ⊇ I. It follows that
(I♭)# = (
⋂
φ∈M(R♭)
ker(φ)⊇I♭
ker(φ))# =
⋂
φ∈M(R♭)
ker(φ)⊇I♭
ker(φ)# =
⋂
φ∈M(R)
ker(φ)⊇I
ker(φ) = I.
We summarize our observations in the following proposition.
Proposition 4.7. Let R be a perfectoid Tate ring.There is an inclusion-preserving bi-
jection between the set of spectrally reduced ideals of R and the set of spectrally reduced
ideals of R♭ given by the maps
I 7→ I♭ = { (f (n))n∈N ∈ R
♭ | f (0) ∈ I }
and
J 7→ J# =
⋂
φ∈M(R♭)
J⊆ker(φ)
ker(φ#).
We note some straightforward consequences of Proposition 4.7.
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Corollary 4.8. Let R be a perfectoid Tate ring with tilt R♭ and suppose that φ1, φ2 ∈
M(R) are two bounded multiplicative semi-norms. Then ker(φ♭1) = ker(φ
♭
2) if and only if
ker(φ1) = ker(φ2).
Proof. For any φ ∈ M(R) we have ker(φ♭) = ker(φ)♭, so the corollary follows from the
part of Proposition 4.7 asserting injectivity of the map I 7→ I♭.
Corollary 4.9. Let R be a perfectoid Tate ring with tilt R♭. A bounded multiplicative
semi-norm φ ∈M(R) is an absolute value if and only if φ♭ ∈M(R♭) is an absolute value.
Proof. The zero ideal in any uniform normed ring is spectrally reduced and the tilt of the
zero ideal of R is given by the zero ideal of R♭. Hence the corollary again follows from
the injectivity part of Proposition 4.7.
Corollary 4.10. Let R be a perfectoid Tate ring which contains some nonarchimedean
field. Then R has no non-zero topological divisors of zero if and only if its tilt R♭ has no
non-zero topological divisors of zero.
Proof. Combine Corollary 4.9, Proposition 4.1 and Escassut’s theorem on topological
divisors of zero (Theorem 2.12).
As in Section 2 we write SpecTop(R) for the subset of the spectrum Spec(R) of a
normed ring R which consists of spectrally reduced prime ideals. The bijection I 7→ I♭
introduced above restricts to a homeomorphism SpecTop(R) ≃ SpecTop(R
♭).
Theorem 4.11. Let R be a perfectoid Tate ring with tilt R♭. For every spectrally reduced
prime ideal p the subset
p♭ = { (f (n))n∈N0 ∈ R
♭ | f (0) ∈ p }
is a spectrally reduced prime ideal of R♭. The map
SpecTop(R)→ SpecTop(R
♭), p 7→ p♭,
is a homeomorphism for the Zariski topology on SpecTop(R) and SpecTop(R
♭), with inverse
given by
q 7→ q# =
⋂
φ∈M(R♭)
ker(φ)⊇q
ker(φ#).
Corollary 4.12. Let R be a perfectoid Tate ring with tilt R♭. Then R is an integral
domain if and only if R♭ is an integral domain.
Proof of the corollary. The zero ideal of R is spectrally reduced and tilts to the zero ideal
of R♭. Hence the theorem implies that the zero ideal of R is a prime ideal if and only if
the zero ideal of R♭ is a prime ideal.
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In the proof of Theorem 4.11 we will appeal to the concept of the ’spectral radical’
Isp of an ideal I of R (see Definition 3.17).
Proof of Theorem 4.11. It suffices to prove that the mutually inverse bijective maps I 7→
I♭ and J 7→ J# send prime ideals to prime ideals. Since the map R♭ → R, (f (n))n∈N 7→
f (0), is multiplicative, p♭ is clearly a prime ideal whenever p is a spectrally reduced prime
ideal of R. To prove the converse, let q ( R♭ be a spectrally reduced prime ideal of
R♭ and let I, J be ideals of R with IJ ⊆ q#. Since q# is a radical ideal this implies
I ∩ J ⊆ q# and since q# is spectrally reduced we have (I ∩ J)sp = Isp ∩ Jsp ⊆ q
# (the
assignment I 7→ Isp commutes with intersections). Since for any ideal I the spectral
radical Isp is by its definition a spectrally reduced ideal, Isp
♭ is always defined. Hence
Isp
♭ ∩ Jsp
♭ = (Isp ∩ Jsp)
♭ ⊆ q. Since q is prime this implies Isp
♭ ⊆ q or Jsp
♭ ⊆ q, so
I ⊆ Isp = Isp
♭# ⊆ q# or J ⊆ Jsp = Jsp
♭# ⊆ q#; consequently, q# is prime.
The closed sets for the Zariski topology on SpecTop(S) (where S is one of R, R
♭) are of
the form VS(I) = { p ∈ SpecTop(S) | p ⊇ I }, where I is some spectrally reduced ideal of
S (if I is not a spectrally reduced ideal, we can replace I with its spectral radical without
changing the set VS(I)). Since the maps I 7→ I
♭ and J 7→ J# from Proposition 4.7 are
inclusion-preserving, we have VR(I)
♭ = VR♭(I
♭) and VR♭(J)
# = VR(J
#) for any spectrally
reduced ideal I of R and any spectrally reduced ideal J of R♭. This shows that the map
SpecTop(R)→ SpecTop(R
♭), p 7→ p♭ is a homeomorphism.
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